In this paper, we study the inviscid limit problem for the scalar viscous conservation laws on half plane. We prove that if the solution of the corresponding inviscid equation on half plane is piecewise smooth with a single shock satisfying the entropy condition, then there exist solutions to the viscous conservation laws which converge to the inviscid solution away from the shock discontinuity and the boundary at a rate of ε 1 as the viscosity ε tends to zero.
Introduction
In the theory of compressible fluids, the basic physics issue motivating the mathematical problem is the asymptotic equivalence between the viscous flows and the associated inviscid flows in the limit of small viscosity. This problem is particularly important and of great significance in many physical phenomena and their numerical computations in the presence of boundaries and shock discontinuities. When the underlying inviscid flow is smooth, the Cauchy problem can be solved by classical methods. However, in the presence of boundaries or shock discontinuities, the viscous flows display turbulent behavior in the limit of small viscosity, see the studies [1] [2] [3] [4] [5] [6] [7] [8] and the references therein. The rigorous mathematical justification of this asymptotic equivalence poses challenging problems in many important cases. Here we consider the case in presence of both boundary and shock discontinuity for the scalar conservation laws. The goals of the present paper are to understand the evolution and structure of viscous boundary layers and shock layers and their interactions with interior inviscid hyperbolic flows and to show the uniform convergence of the viscous solutions to the piecewise smooth inviscid flow away from the boundary and shock discontinuity.
We consider the boundary value problem of the scalar viscous conservation laws
xx , x > 0, t > 0, u ε (0,t) = u 1 (t), t > 0, (1.1) where u 1 and f = f (·) are smooth known functions, and ε>0 is the viscosity constant. We require that f ′ (u) < 0 and f ′′ (u) > 0, (1.2) in the region in which we are interested. The corresponding inviscid hyperbolic equation is expressed as
We impose (1.3) with the following discontinuous initial data
for some large x 0 > 0, where u ± are smooth functions satisfying
By the condition (1.2), we need not to impose boundary condition to the inviscid equation (1.3) . We consider the case that there is a shock solution u to the problem (1.3) with the shock issuing from the point x 0 > 0. ii) There is a smooth curve, the shock, x=s(t), s(0)=x 0 , 0≤t≤T, so that u(x,t) is sufficiently smooth at any point x = s(t).
iii) The limits
exist and are finite for t ≤ T and 0 ≤ l ≤ 5.
iv) The Lax geometrical entropy condition [9] is satisfied at x = s(t), that is,
. This condition implies thatṡ < 0.
It is expected physically that the viscous solutions u ε (x,t) converge uniformly to the inviscid flow u(x,t) away from the shock and the boundary as the viscosity ε tends to zero, while possessing a sharp change of gradient near the shock and boundary. The leading order asymptotic behavior of the viscous solutions is expected to be governed by u 0 b (y,t) (see Section 2) . The analysis of strong boundary layers is based on the structure of the underlying boundary layers. It turns out that for each fixed t ∈ (0,T], the structure of the viscous boundary layers can be characterized by the monotonicity of the wave speed f ′ (u 0 (0,t)+u 0 b (x/ε,t)) in the boundary layer. Indeed, we will say that the viscous boundary layer is compressive (or expansive) if 
where C η is a positive constant depending only on η.
Remark 1.1. Here we need not give any restrict condition to the strength of the shock layer and the boundary layer.
Notation: In this paper, we use H l (Ω)(l ≥ 1) to denote the usual Sobolev space on the domain Ω ⊂ R = (−∞,+∞) with the norm · l ≡ · H l (Ω) and · = · 0 denotes the corresponding L 2 -norm. The domain Ω will be often abbreviated without confusion. We also use c and O(1) to denote any positive constant and positive bounded function, respectively, which is independent of ε.
Construction of the approximate solutions
In this section, we construct the approximate solutions u a through different scaling and asymptotic expansions in the regions near and away from the shock and the boundary, respectively, such that u a approximates the piecewise smooth inviscid solution u away from the shock and the boundary and has a sharp change near the shock and the boundary. We first construct the shock layer and inner expansions and then establish the boundary layer expansions.
Shock layer and inner expansions

Shock layer and inner expansions and the matching conditions
We approximate the solution of (1.1) in the region away from the shock x = s(t) and the boundary x = 0 by the following truncated inner expansion
with u i (x,t) to be determined. Direct calculation shows that
where we use the following notations
We now require that the inner functions u i ,0 ≤ i ≤ 2 satisfy the following equations
The initial data for the inner functions are given by
Near the shock, u ε is represented by the following shock layer expansion:
where (2.12) and δ(t,ε) is a perturbation of the shock position to be determined later. We assume that δ(t,ε) has the form
Substituting (2.11)-(2.13) into (1.1), according to the power of ε, we thus require that the shock layer functions u i s solve the following equations
The shock layer approximation is supposed to be valid in a small zone of size O(ε) near the shock x = s(t).
In a matching zone, we expect that the shock layer and the inner expansion agree with each other. Using the Taylor's series to express the inner solutions in terms of ξ, we obtain the following "matching conditions" as ξ → ±∞ :
Solutions of the shock layer and inner problems
Now we can construct u j and u j s order by order. The leading order outer function u 0 is taken to be the single-shock solution in Theorem 1.1. For any fixed t, the leading order inner solution u 0 s (ξ,t) is exactly the well known viscous shock profile, which connects the points u l (
t) ≡ u(s(t)−0,t) and u r (t) ≡ u(s(t)+0,t) and moves with speedṡ(t).
Reviewing t as a parameter, (2.15) i is an ordinary differential equation. And by definitions (2.3)-(2.6), one checks easily that 
and
where
Boundary layer expansions
Since the boundary is non-characteristic for the inviscid hyperbolic problem (1.3), we will approximate the viscous solution to (1.1) uniformly up to the boundary by the following two-scale expansion
where y = x/ε, and u IN is the inner solution constructed in the previous subsection. Substitute (2.26) into (1.1) to obtain
Now we are looking for the solutions to Eqs. (2.27)-(2.28) with the following boundary conditions 
Lemma 2.2 ([6]). Let u 0 b (y,t) be the leading order boundary layer function constructed as above, and let t ∈ (0,T] be fixed. Then
(i) u 0 b (y,
t) is always monotone in y ∈ (0,∞). (ii) In view of condition f ′′ (u) > 0, the boundary layer is either expansive in the sense that
or compressive in the sense that
Approximate solutions
Now we can construct an approximate solution to (1.1) by patching the truncated boundary layer, shock layer and inner solutions in the previous discussion. Let m ∈ C ∞ 0 (R) satisfy 0 ≤ m(y) ≤ 1, and
Set ν∈(9/10,1) to be a constant and ε to be small such that s(T) >4ε ν . Then we define the approximate solution to (1.1) as
where d(x,t) is a higher-order correction term to be determined. Let
Using the structures of the various orders of boundary layer, shock layer and inner solutions, we compute that
In view of our construction, we have i) supp q 1 ⊆ {(x,t) : 0 ≤ x ≤ 2ε ν ,0 ≤ t ≤ T}, and
iii) supp q 3 ⊆ {(x,t) : x ≥ ε ν and |x−s(t)| ≥ ε ν ,0 ≤ t ≤ T}, and
We now choose d(x,t) to be the solution of
It follows from our construction that u a has the following property.
where y = x/ε. Moreover, we have
(2.54)
Stability analysis
We now show that there exists an exact solution to (1.1) in a neighborhood of the approximate solution u a and that the asymptotic behavior of the viscous solution is given by u a for small viscosity ε. Suppose that u ε is the exact solution to (1.1) with the initial data u ε (x,0) = u a (x,0).
Then using the relation (2.49) for u a , we obtain that
provided that w(·,t) L ∞ is bounded. Since we consider the case that a shock satisfying the entropy condition is compressive, we need to integrate the system (3.2) once. Thus we setw(x,t) = w x (x,t). Substitute these quantities into (3.2) and integrate the resulting equation with respect to x to obtain
where Q satisfies |Q| ≤ O(1)(ε 2 |w x | 2 +d 2 ), (3.4) provided that w x (·,t) L ∞ is bounded. Then we only need to show that for suitably small ε, (3.3) has a unique "small" smooth solution up to T. We first give some a priori estimates. 
where we have used the fact w x (0,t) = 0. Now we compute the terms in (3.6) separately as follows. First,
Using Lemmas 2.1 and 2.3, we have
s (ξ,t))}+O(1), and so
where we use the fact that the shock and boundary layer are both compressive. It follows from Cauchy-Schwarz inequality that
Due to (3.4), we have 9) provided that w(·,t) L ∞ is sufficiently small. Collecting all the estimates in (3.7)-(3.9), we get
Using the Gronwall's inequality, we obtain
This completes the proof of Lemma 3.1. where we have used the fact ψ x (0,t) = 0. Similarly as the proof of Lemma 3.1, we can estimate the terms in (3.14) separately as follows: 
